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•^ ■ Abstract 

OO ' Consider a standard A-coalescent that comes down from infinity. 

Such a coalescent starts from a configuration consisting of infinitely 
many blocks at time 0, but its number of blocks Nt is a finite random 
q/ . variable at each positive time t. Berestycki et al. (2010) found the 

n , ' first-order approximation v for the process N at small times. This is 

a deterministic function satisfying Nt/vt — > 1 as i ^ 0. The present 
paper reports on the first progress in the study of the second-order 
asymptotics for N at small times. We show, that if the driving measmre 
A has a density near zero, which behaves as x~^ with /3 S (0, 1) then 
the process (£~^/^^"'"'^^(A^Et/wet — l))i>o converges in law as £ -> in the 
Skorokhod space to a totally skewed (1 -I- /3)-stable process. Moreover, 
^ . this process is a unique solution of a related stochastic differential equa- 

te ' tion of Ornstein-Uhlenbeck type, with a completely asymmetric stable 

Levy noise. 
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1 Introduction 

The A-coalescents were introduced and first studied independently by Pit- 
man [19] and Sagitov [20] and are also considered in a contemporaneous 
work of Donnelly and Kurtz [12]. They are useful models of genealogi- 
cal trees of populations that evolve under the assumption of unbounded 
variance in the reproduction (resampling) mechanism. Berestycki et al. [3] 
derive the first order approximation for the number of blocks in a general 
standard A-coalescent that comes down from infinity. The present work ini- 
tiates the study of the second order approximation for the same process. We 
next recall the basic definitions, mention some of the landmark results, and 
present the motivation for the problem we resolved in this work. For recent 
overviews of the literature we refer the reader to [H [2] . 

Let A be an arbitrary finite measure on [0, 1]. We denote by (Ilt,t ^ 0) 
the associated A-coalescent. This Markov jump process {Ilt,t > 0) takes 
values in the set of partitions of {1,2,...}. Its law is specified by the 
requirement that, for any n G N, the restriction 11" of IT to {l,...,n} 
is a continuous-time Markov chain with the following transitions: when- 
ever n" has b G [2, n] blocks, any given A;-tuple of blocks coalesces at rate 
\,k •= I\oi]'''^~'^i^ ~ 'r)^~^^{dr). The total mass of A can be scaled to 
1. This is convenient for the analysis, and corresponds to a constant time 
rescaling of the process. Henceforth we assume that A is a probability mea- 
sure. 

The standard A-coalescent starts from the trivial configuration {{i} : i G 
N}. Let us denote by N (t) (or N{t) if clear from the context) the number 
of blocks of n(t) at time t. If F{N^{t) < oo, Vt > 0) = 1 the coalescent is 
said to come down from infinity. As part of his thesis work, Schweinsberg 
[22j derived the following criterion: the (standard) A-coalescent comes down 
from, infinity (GDI) if and only if 

i;fe(^-i)f^)vl <oo. (1.1) 



6=2 \k=2 

Let 



^*{q)= Agy-l + e^^"))^. (1.2) 

Jo y 

Bertoin and Le Gall [7] obtained an equivalent condition: A-coalescent GDI 
if and only if 

/ — — r^dq < oo, for some (and then all) a > 0. (1-3) 

Throughout the paper we will assume (|1.3p . Let N = {Nt, t > 0) be 
the block counting process defined above, so that A^(0) = oo and ¥{Nt < 
oo,t > 0) = 1. As indicated above, in [3], Theorem 1 it is shown that, solely 
under (jl.Sp . there exists a "law of large numbers" approximation for the 
block counting process, more precisely, 

lim Nt/vl = 1, almost surely, (1-4) 



where v* is uniquely determined by JJf ,^ A -. dq = t, for all t > 0. Any 
function satisfying ()1.4p is called a speed of coming down from infinity, or a 
speed of CDI. 

Instead of ^* we choose to work with ^ : [1, oo) i— t- M+ defined by 

*(<?)= f\qy-l + il-yr)^. (1.5) 

JO y 

This function is different from ^ used in [3] (which is now our ^*). Moreover, 
our ^ appeared as ^ in O [151 US E] where it was already noted that this 
function arises from the model in a more natural way, and it may be more 
convenient for analysis than ^*. It is not difficult to see that ^ and ^* have 
the same asymptotic behavior at oo (see Lemma 12.11 or \16\ [5]), and that 
therefore ()l.ip - ()1.3p are further equivalent to 

/ ———rdq < oo, for some (and then all) a > 1. (1-6) 

Ja ^(g) 

Moreover, if we define v : M4- 1— )• M+ by 



then (see Lemma [2T2|) vt ~ v^ as t — )• 0, and so v is also a speed of CDI for 
the corresponding A-coalescent. 

From the results of Berestycki et al. [3] it follows that the asymptotic 
behavior of the speed of CDI vt for small t depends very strongly on the 
behavior of the driving measure A near 0. This is caused by the fact that 
the behavior of A near is linked to the asymptotics of ^{q) as g — ?• 00 by 
a result of a tauberian nature. For example, if for small x 

A{dx) ^ x-f^dx, with /3 G (0, 1), (1.8) 
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then Vt ^ C t ^, for some C E (0, 00), as t — )■ (see Lemma [5.ip . Note that 
(jl.Sp is understood in the sense of Assumption (A) in Section HI 

A natural question is to study the second-order fluctuations of N about 
its speed of CDI. In particular, one wishes to understand how close is -^ to 
1 at small times, and if this proximity can be measured in some regular (and 
universal) way. In the present paper we address this problem by considering 
the fluctuations in a functional sense, with time scaled by e — t- 0. More 
precisely, we investigate the convergence in law of the processes 

were r(e) is an appropriately chosen normalization so that the limit process 
is non trivial. 

It turns out that both the normalization r(e) and the limit process again 
depend on the behavior of A near 0. The singularity exponent (3 of the 
density of A near decides the rate of convergence of -^, and therefore of 

^, to 1. 



Our main result (see Theorem 14. 2 p states that if A satisfies (jl.Sp . then the 

1 
normahzation yielding a non trivial limit of ()1.9p is r(e) = e ^+p , and the 

processes defined by (jl.9p converge in law in the Skorokhod space -D([0, oo)) 

(with the usual Ji topology) to a (1 + /3)-stable process which is totally 

skewed to the left. This process can be further described as a unique solution 

of a stochastic differential equation of an Ornstein-Uhlenbeck type with Levy 

noise (see (j4.5p ). 

Theorem 14.21 can be applied to the important class of Beta-coalescents. 
Moreover, condition (jl.Sp implies that our A-coalescent is in a sense "close" 
to a Beta coalescent. The fact that the limit processes in (|1.9p are (1 + /3)- 
stable processes can be explained by the fact that Beta-coalescents that 
come down from infinity, i.e. satisfying (jl.8p with < /? < 1 are related to 
genealogies of populations with infinite variance branching (see Sagitov [20j 
and Schweinsberg [M])- On the other hand, limits of fiuctuations related to 
such infinite variance branching systems are usually stable processes (with 
index of stability depending on the type of the branching, see e.g. p^fTO]). 
Furthermore, Birkner et al. [9] show relations between continuous state (1 + 
/3)-stable branching processes and Beta coalescents satisfying (jl.Sp . See also 
Remark I4.3r c) . 

In Theorem I4.4r a) we prove that one can replace v by v* in (|1.9p and 

obtain exactly the same result as for v. 

_ j_ 
Under assumption (jl.Sp both vt and v^ ^^ wt = Ct '^ . It is therefore 

natural to ask whether one obtains the same results if in (jl.9p v is replaced by 

w. The answer is positive only if one assumes additional regularity of A near 

(see Theorem I4.4r b) ) . Furthermore, we prove that if the density of A does 

not satisfy this additional regularity condition, then the natural candidate 

for speed w may not behave well with respect to the path approximation (see 

Remark 14.51 and Section 18.21 ) Due to this lack of universality/robustness, 

one can conclude that the second-order approximation to A^ is a more subtle 

problem than that of finding the speed of GDI. 

It is interesting to note that the present analysis (in the sense of func- 
tional convergence) was not carried out even for the case of the Kingman 
coalescent, where A is the Dirac measure at 0. It is known, that in this 
case the law of t~^{Nt/vt — 1) converges to a Gaussian law, see for example 
Aldous [1]. Here we assume that A({0}) = 0, so that the coalescent does 
not have the Kingman part. We postpone the study of the complementary 
setting to a future work. We conjecture that in the case of the pure King- 
man coalescent (i.e. A is the Dirac mass at 0) the limit process in ()1.9p 
will have a form similar to ()4.3p . where the integration with respect to the 
stable random measure is replaced by integration with respect to a Brown- 
ian motion. The Kingman case, although seemingly easier can not be done 
with our present technique, since here we rely heavily on the Poisson process 
construction of a A coalescent, which is particularly nice if A({0}) = 0. We 
also make the usual assumption A({1}) = 0, under which the A-coalescent 
either comes down from infinity or stays infinite forever (see Pitman |19|). 

When A({0}) = 0, one can construct a realization of the corresponding 
A-coalescent from a Poisson point process in the following (now standard) 



way. Let 

^(•) = E'^m,y.)(-) (1-10) 

be a Poisson point process on M_|_ x (0, 1) with intensity measure dt (^ I'idy) 
where i'idy) = y"'^A{dy). Each atom {t,y) of vr impacts the evolution of 
n as fohows: for each block of n(t— ) a coin is flipped with probability 
of heads equal to y; all the blocks corresponding to coins that come up 
"head" are merged immediately into one single block, and all the other 
blocks remain unchanged. In order to make this construction rigorous, one 
initially considers the restrictions {Il^^'{t),t > 0), since the measure u may 
be infinite (see for example HI |6]). 

Our technique is based on a novel approach using an explicit representa- 
tion of the block counting process in terms of an enriched Poisson random 
measure vr^, which is defined on a larger space in such a way that it also 
includes the information on (individual block) coloring. One can then write 
an integral equation for the number of blocks Nt involving an integral with 
respect to vr . This equation turns out to be analytically tractable. In our 
approach, we rely on the properties of integrals with respect to Poisson, 
compensated Poisson and stable random measures, Laplace transforms of 
Poisson integrals and of totally skewed stable random variables, as well as 
standard tools in the analysis of processes in the Skorokhod space, e.g. the 
Aldous criterion for tightness. Moreover, a deterministic lemma from [3], 
for comparing solutions to two different Cauchy (or Cauchy-like) problems, 
turns out to be very useful. 

The remainder of the paper is organized as follows. In Section [2] we give 
some basic information on general A coalescents; in Section [3] (still in the 
general setting) we develop the integral equations for N and N/v and study 
their basic properties; Section U] contains the main results of the paper; 
Section contains proofs of the results from the Section [21 as well as an 
additional Lemma on the properties of ^ and v under assumption (jl.Sp : 
Section [6] contains the proofs remaining from Section [3l in Section [7| we give 
the proof of the main result - Theorem 14. 2| in Section [8] we prove Theorem 
14.41 and discuss the problem of robustness. 

Throughout the paper C,Ci,C2, ■ ■ ■ always denote positive constants 
which may be different from line to line. 

2 Background and preliminary results 

In this section we collect some of the basic properties of ^ and v and their 
relation to the block counting process A^. The proofs are given in section [5j 
Recall that ^ and v are defined by ()1.5|) and ()1.7p . respectively. Let us 
also define 

H,) := ^. (2.1) 

For < a < 1 let ^a (resp. ^*) be defined by P3|) (resp. (ni\i ) with A{dy) 
replaced by l[o,a](y)A((iy). 

The first lemma concerns the most general setting, up to time-change. 



Lemma 2.1. Let A be an arbitrary probability measure on [0, 1] satisfying 

■^({0}) = ^({1}) = 0- Then the function ^ given by (|1.5|) is well defined on 

[l,oo). In addition, 

(i) ^ is continuous on [l,oo) and strictly positive on (l,oo), 

(a) for any q > 1 

^{q)<q{q-l), (2.2) 

0<**(g)-*((?)<|, (2.3) 

(Hi) for any q > 1 and a £ (0, 1) 

0<^{q)-^a{q)<^, (2.4) 

0<^*{q)-^l{q)<^, (2.5) 



(iv) and both ^ and h are strictly increasing on [l,oo) and differentiable on 

(l,oo). 

Most of these facts are known in the hterature but for the benefit of the 
reader we will include a short proof in Section [5j Note that ()2.3p implies the 
equivalence of (jl.3|) and (jl.6p . 

From now on assume that A({0}) = A({1}) = and that the A- 
coalescent comes down from infinity, which is equivalent to any (and there- 
fore all) of (jl.ip . ()1.3p . (|1.6p . By Lemma |2. 11 ^ is a continuous and strictly 
increasing function on [l,oo), strictly positive on (l,oo), and J^ dq/'^^q) > 
/i dq/q{q — 1) = oo. This implies that f is a well defined strictly decreasing 
function on (0,cx3). Moreover, v has the following properties. 

Lemma 2.2. (i) vt > I for all t > 0, limi_^o+ vt = oo and limt_>.oo vt = 1, 
(a) V is differentiable and 

v't = -^{vt), (2.6) 

(Hi) and 

lim — = 1. (2.7) 

t->0+ V* 

(iv) Therefore 

Nt 
lim — = 1 almost surely, (2-8) 

t^0+ Vt 



(v) and for any p > 0, 





Ns 




hm E sup 


b 


-1 


*-^o+ 0<s<t 


Vs 





p 



0. (2.9) 



Moreover, for any p > there exists Cp > such that 

f N \^ 
£;sup^ <Cp. (2.10) 

s>0 \Vs J 

Remark 2.3. Lemma 12.21 parts (iv) and (v) say that — '^ converges to 1 
almost surely and in L^, for any p > 0. This was shown with v* in place of v 
in [3] Theorems 1 and 2. Moreover, in the same article a ()2.10p was derived, 
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again with v* in place of v. (Note that [^ Theorem 2 assumes that p > 1, 
but this can be easily extended to all p G (0, 1) by Jensen's inequality.) Due 
to ()2.7p . we can thus obtain (iv)-(v) without any additional work. In return, 
Lemma 13.61 stated at the end of Section [3] is a novel and stronger estimate, 
important for our analysis. D 

Let us also recall the following elementary estimate, that will be used 
frequently in the proofs (see |3], Lemma 10 for derivation). 

Lemma 2.4. Suppose /, g : [a, 6] i— )■ M are cddldg functions such that 



sup 

xS:[a,b] 



fix) + / g{u)du 



<c, (2.11) 



for some c < oo. // in addition f{x)g{x) > 0, x G [a, 6] whenever f{x) / 0, 
then 



sup 

x£[a,b] 



g{u) du 



< c and sup |/(x)| < 2c. 

x£[a,b] 



3 Integral equations for A^ 

In this section we give a representation of the block counting process N of 
a A-coalescent in terms of an integral equation involving Poisson random 
measure. We also write an equation for the process N divided by the speed 
of GDI. Some preliminary estimates are also given. The proofs are postponed 
until Sectional 

This construction is our starting point to studying fluctuations of the 
block counting process about the speed of GDI, carried out in the forthcom- 
ing sections. The approach presented here is quite general, and we hope it 
to be of independent interest. 

In this section and the rest of the paper we always assume that A({0}) = 
A({1}) = and that any (and therefore all) of ([LlD, ([O]), (dSD hold. 

As discussed in the Introduction, A-coalescent can be constructed via 
a coloring procedure which is based on a Poisson random measure vr on 
[0,oo) X [0, 1], and an independent assignment of colors to the blocks. Here 
we introduce an enriched Poisson random measure which contains all the 
information on the coloring. This is a key ingredient in the first important 
novelty of our approach - an explicit representation of the martingale which 
drives the block counting process A^. 

In order to explain this now, we will need some additional notation. As 
usual, let N denote the set of natural numbers (without zero). Let fi be the 
law of a sequence of i.i.d. random variables Xi, Ar2, . . . uniformly distributed 
on [0, 1], i.e. /x is a probability measure on [0, 1]^, equipped with the product 
(T-algebra generated by the cylinder sets of the form B1XB2X . . . Bn x [0, 1] x 
[0, 1] X . . ., n G N, Si G ^([0, 1]), i G N. The vectors in [0, if wiU be denoted 
in boldface x = (xi,3;2, . . .) G [0, 1] . We will usually write dx instead of 
//(dx). 

Let vr^ be a Poisson random measure on [0, 00) x [0,1] x [0,1]^ with 
intensity measure ds ^ ^' dx. Observe that such a random measure can be 



constructed using a Poisson random measure tt from ()1.10|) and an inde- 
pendent array of i.i.d. random variables (XMjjgN, where X^- have uniform 
distribution on [0, 1]. Then vr = XlieN '^(r^ Yi X") i^ ^ Poisson random mea- 
sure with intensity ds / dx. 

Moreover, vr and vr^ are coupled by the relation 

vr(.)=vr^(-x[0,in. (3.1) 



We will henceforth assume that ()3.ip holds. Then we can construct the A 
coalescent by the following procedure: upon arrival of an atom (t, y, x) of 
TT , the jth block present in the configuration at time t— is colored if and 
only if Xj < y. Once the colors are assigned, to form the configuration at 
time t, merge all the colored blocks into a single block, and leave the other 
(uncolored) blocks intact. 

Recall that we assume that the coalescent comes down from infinity, so 
Nr < oo a.s. for any r > 0. The procedure described above implies that 

Nt = Nr- / f{Ns-,y,:>i.)Tr^{dsdyd:>i.), for ah < r < t, (3.2) 

./(r,t]x[0,l]x[0,lf 

where / is a function which quantifies the decrease in the number of blocks 
during a coalescing event: 

(k \ k 

Integration with respect to Poisson random measures is well understood; the 
reader is referred, for example, to |18] . 
Recall (|1.5p . One can easily see that 

^{k)= f /(fe,y,x)^(ix. (3.4) 

j[o,i]x[o,i]N y 

Since ^ is an increasing function and N a decreasing process, we have 
'^{Ns-)ds < '^iNr){t -r)< N^{t - r), 

where the last inequality is due to ()2.2p . We know that EN"^ < oo, (see 
e.g. (fXTUD ) hence 

E [ /(Ar^_,y,x)(is^^dx < oo. 

J{r,t]x[0,l]x[0,l]N y 

This implies that the integral in ()3.2p belongs to L^ (see e.g. Theorem 8.23 
in [18]). 

As the first step towards the proof of Theorem 14.21 we have just shown 
(see (I32D and ([331)) that 



Lemma 3.1. For any < r < t 

Nt = Nr- [ ^{Ns)ds- [ f{Ns-,y,^)TT^{dsdyd^), (3.5) 

Jr J(r,t]x[0,l]x[0,l]'^ 

where n^ denotes the compensated Poisson random measure 

TT idsdyd'x) = vr (dsdydx) — ds 7. — dx. (3-6) 

Remark 3.2. The above representation can be done for N^^\ the countmg 
process of the number of blocks of a A-coalescent starting from n blocks, even 
if the A-coalescent does not come down from infinity. Moreover, a similar 
representation exists for S-coalescents, and might be useful in similar type of 
analysis as done here. For background on this general class of exchangeable 
coalescents we refer the reader to [231 El [6] . D 

More importantly, we can write a stochastic integral equation for — ^. Indeed, 
due to (|1.7p we have 



/ 'i'{vs)ds, 



vt = Vr- I ^[Vs)ds, <r <t, 

thus 

- = — + / -^ds 

Vt Vr Jr VJ 

and therefore (j3.'2p and a simple application of the integration by parts yield 
Lemma 3.3. For any < r < t 

Nt Nr f'N.f^iNs) ^{v,y 



I 1 AT ■ ds 

Vt Vr Jr Vs \ Ng Vs 



'(r,t]x[0,l]x[0,lf Vs 

where vr is as in (13. 6D. 



■^^^'-'^'''h'^idsdyd^), (3.7) 



Remark 3.4. A predecessor of this result existed in [31 [15], where the pro- 
cess of main interest was logN/v instead of N/v, but the martingale part 
was never explicitly written down, and therefore it could not be used in such 
as precise way as it is about to be used here. D 

It is natural to continue by investigating the integral with respect to vr . 
Lemma 3.5. The process M = {M{t))t>o, where 

M{t) = [ ^^^'-'^'""h ^idsdydjc) (3.8) 

J[0,t]x[0,l]x[0,l]N Vs 

is a well defined, square integrable martingale with quadratic variation 

[M]{t)= I / /(iV,„,y,x) \ ^E^^^^y^^y (39) 

i[0,t]x[0,l]x[0,l]N \ ""s J 



Moreover, for any p £ (0, 2] there exists Cp > 0, such that for all t > 

E sup M{s) ^ < Cpt2. (3.10) 

0<s<t 

Using ()3.7p and Lemma 13.51 one can improve on (|2.9p as follows. 

Lemma 3.6. // the A-coalescent comes down from infinity then for any 
p G (0, 2] there exists < Cp < oo such that 

< CpfP/^. (3.11) 



ii^sup 


Ns 


-1 


s<t 


Vs 





4 Statement of the main result 

In this section we formulate the main result, together with several lemmas 
needed to state the result. All the proofs are postponed until Section [71 We 
use (often without mention) the notation set in the Introduction. 

As explained in the Introduction, we are interested in the rate of con- 
vergence in (|2.8p . It turns out that this rate, as well as the type of the 
limit process, depends on very fine properties of the driving measure A. 
This may seem surprising, in view of the bound (|3.1Up . which becomes an 
equality asymptotically as t — )• 0. In fact ()3.10p was already implicit in [3], 
at least for p = 2, where the infinitesimal variance of an analogous mar- 
tingale (the one driving the equation for log-^) was carefully estimated, 
even though that martingale was not as explicitly expressed there as M is 
expressed here. Without paying consideration to the size of jumps of N 
at small times, these inequalities (which are asymptotically true as equali- 
ties) may suggests Gaussian type limits for appropriately rescaled M (and 
therefore N/v — 1). This indeed turns out to be the case in the setting of 
the Kingman coalescent (not treated here, as remarked in Introduction the 
reader can check [1] for the non- functional CLT in this setting). However, 
one quickly realizes that under Assumption (jAj) the largest jumps of M in 
[0,t] are not o(\/t) as i — ;■ (in fact they are of order ii/(i+^) >> y^). 
Hence the Gaussian scaling is not appropriate and moreover, the limiting 
process (if there is one) is expected to have jumps. We refer the reader to 
Remark I4.3l fc) for further intuition regarding the limiting process. 

Our main result will be derived under the following assumptions. 

Assumption. A({0}) = A({1}) = 0. Moreover, there exists yo < 1 such 
that 

Mdy) = g{y)dy, y G [0, yo] and lim g{y)y'^ = A, (A) 

for some < /3 < 1 and < j4 < oo. 

Remark 4.1. (a) Condition /3 > ensures that the A coalescent satisfies 
(|1.6p . hence that it comes down from infinity, since it is not difficult to see 
that ([X]) implies that ^(g) ~ Cq^^^ (see also Lemma [5.11 b elow ] . Condition 
/3 < 1 is clear, since A has to be a finite measure, 
(b) Assumption ([A]) is satisfied by all the Beta-coalescents that come down 
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from infinity, i.e. all the coalescents where A has density of the form 

g{y) = gQ^g a) ^~^(^ ~ y)"~^i foi^ some < /? < 1 and a > and the 

normalizing constant is the appropriately evaluated Beta function. 

(c) Under Assumption (|X|) we can obtain precise asymptotics of the speed 

of coming down from infinity v and the functions ^ and h, see Lemma l5. II 

_ j_ 
In particular, as t — )• we have vt ^ vl ^ Kit /^ , where 



1 



K.-i^m^X, (") 



AT{l-p) 
and where V is the Gamma function. D 

We shall study the asymptotic behavior, as e — )■ 0, of the process X^ = 
{Xeit))t>o defined by 

^^(O) = and Xe{t) = e^W (^ - 1 J , t > 0. (4.2) 

For each B £ ,^(M) Borel set, let \B\ denote its Lebesgue measure. Let M 
be an independently scattered (1 + /?)-stable random measure on M with 
skewness intensity 1. That is, for each B E ^(M) such that < \B\ < oo, 
Ai{B) is a (1 + /3)-stable random variable with characteristic function 

exp |- \B\ \z\^+^ (l - i(sgnz) tan ^ii-L^'j 1 zeR, 

A4{Bi),A4{B2), . . . are independent whenever Bi,B2, ■ ■ ■ are disjoint sets, 
and ^A is cr-additive a.s. (see Samorodnitsky and Taqqu [21], Def. 3.3.1). 
We are now ready to state the main result. 

Theorem 4.2. Assuming (|X]), the process X^ defined in ()4.2p converges in 
law in the Skorokhod space D{[0,oo)) to a {l-\- P)- stable process Z = {Zt)t>o 
given by 

Z{t) = / uM{du), t > 0, Z(0) = 0, (4.3) 

t Jo 

where K is the following positive constant 

K = (-A Hie-y - 1 + y)y-^-^dy cos !Lii_L^^ '+' . (4.4) 

Remark 4.3. (a) The integral in (|4.3p is understood in the sense of Chapter 

3 of [21]. 

(b) The process Z can be also expressed as 

t 



K r 

Z{t) = / udL 

t Jo 



where L is the (1 + /3)-stable totally skewed to the right (having no negative 
jumps) Levy process. Moreover, Z solves the following stochastic differential 
equation of the Ornstein-Uhlenbeck type 



Z{t) = - [ s~^Z{s)ds-KL{t). 
Jo 



(4.5) 
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(c) Observe that Assumption (A) is satisfied by Beta-coalescents which 
come down from infinity. Furthermore, if A satisfies Assumption (A), then, 
from the point of view of behavior of Nt, vt and Nt/vt — 1 near the A- 
coalescent resembles a corresponding Beta-coalescent (or rather a class of 
Beta-coalescents) having driving measure(s) of the form Beta(l — /3, a), for 
some a > 0. 

The fact that the limit process is (1 + /3)-stable can be explained by 
observing that for each /3 S (0, 1), one member of the above family (notably 
the Beta(l — /3, /3)-coalescent) was obtained from genealogies of populations 
with supercritical infinite variance branching both by Sagitov |20j (in his 

setting, the branching mechanism has generating function 1 gi'^ ~ ■s) + 

4(1 — sY^^) and by Schweinsberg [23] (in his setting, the probability that 

the individual has k or more offspring decays like k~^^~^"'). It is well known 
that branching laws of this type are in the domain of attraction of the 
(1 + /3)-stable law. Moreover, the limits of fluctuations related to infinite 
variance branching systems of type 1 + /3 are usually (1 + /3)-stable. (See for 
example Iscoe [14] Theorem 5.4 and 5.6 and Bojdecki et al. [10] ). Another 
connection is due to [9], relating Beta(l — /?, /3)-coalescents to continuous 
state (1 + /3)-stable processes. The limit process is naturally totally skewed 
to the left, as Nt only has negative jumps, hence so does Xgr. □ 
Define X*{0) = 0, xf (0) = and 

X:it) = e-W (^ - l) , X^it) = ."W {iet)^^^ - l) , i > 0, 

(4.6) 
where Ki is the constant given by (|4.ip . Let =^ denote the convergence in 
law of processes with respect to the Skorokhod topology. 

As a corollary to Theorem 14.21 we obtain the following results. 



Theorem 4.4. Assume (jX]), and let Z and K he as in Theorem \4.^ Then 

(a) XI =^ Z, 

(h) if moreover {y^g{y) — A) = 0{y"'), as y — )■ 0, for some a > /3/(l + /?), 

then 

xl =^ Z. 

Remark 4.5. The proof is postponed until Section [8l As a counterpart 
to part (b) we exhibit (in Section 18. 2p a family of counterexamples, for 
which y i— )• y^g{y) is not sufficiently Holder continuous at 0, and the above 
"natural extension" of convergence in Theorem 14.21 (b) fails. In turns out 
that one does not have to search hard for counterexamples: the first guess 
g{y) = y~^ + y"'~^ , where a is such that a < /3/(/3 + 1), already does the 
trick. This illustrates a remarkable sensitivity of the second order approxi- 
mation for A^ with respect to the smoothness of A near 0. D 



5 Proofs of the properties of ^ and v 

In this section we prove Lemmas 12.11 and 12.21 and collect some other prop- 
erties of ^ and V under assumption ([A|) . which will be used later (Lemma 
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EH). 

Proof of Lemma \2. 11 We start with some useful representations for ^. 
Clearly ^{1) =0 and if g > 1 we have 



^{q)=q[ r {l-[l-rf-^)dr^ (5.1) 

Jo Jo y 

=q{q - 1) /' r [\l - uf-^dudr^^ (5.2) 

Jo Jo Jo y 



1 rl rr 

9-2. 



=q{q-l) / {l-uyy-'dudrA{dy). (5.3) 

Jo Jo Jo 

Representation (j5.3p shows that ^ is finite, continuous on [1, oo), and strictly 
positive on (l,oo). Note that if q >2, then the integrand in ()5.3p is smaller 
than 1 so ip{q) < q{q — l)/2. The general estimate (j2.2p follows from ()5.3p . 
the fact that for < u,y < 1 and q > Iwe have (1 — uy)'''"^ < (1 — ti)~^ (easy 
for q = 1], and then use monotonicity) and finally the identity Jq log(l — 
r) dr = —1. The estimates of type (j2.3p were already derived in [31 [TTlfTB]. 
The lower bound is a consequence of ()1.2p . (|1.5p and the trivial inequality 
(1 — 2/)'' < e~^^ for < y < 1. The upper bound can obtained for example 
by using ()5.ip and its analogue for ^* that yield 



^*{q) - ^{q) =q f T ((1 - r^"' - e'^O dr^, 

Jo Jo y 

and observing that (1 — r^^^ — e^'^'' < (1 — r)^^^ ^ (1 ^ ^)'^ !^ ^ ^ov < r < 1 
and q > 1. The bound ()2.4p follows easily from ()5.ip . and ()2.5p can be proved 
via a similar representation for ^*. Given (i)-(iii) and the above argument, 
for (iv) it clearly suffices to show that h is increasing and differentiable. This 
can be easily seen from ()5.ip . D 

Proof of Lemma \2JA We have ^(1) = 0. Moreover, (|2.2p shows that 
j^ dq/^{q) = oo. Together with the strict positivity of ^ on (l,oo) and 
p.6p . this implies that x — )• F{x) := J^ dq/'^{q) maps (l,oo) bijectively 
to (0,oo). In particular, v is well defined as the inverse of F, it is clearly 
a strictly decreasing function and (i) holds. Property {ii) is clear by the 
definition of v and fundamental theorem of calculus. Provided we show the 
claim in (iii), (iv) is clearly true due to (jl.4p . Similarly 

so (iii) and [1] Theorem 2 together imply (j2.9p . The estimate in (|2.1Up follows 
easily from (|2.9p by the triangle inequality, the (decreasing) monotonicity of 
A^, and the fact that Vt G (1, oo) for each t > 0. 

In the rest of the argument we prove (iii). This deterministic argument 
is a simplified version of the stochastic (martingale based) argument for [3] , 
Theorem 1. We will show a somewhat stronger statement that log ^ = 0{t) 

as t — 7- 0+. In order to do this, for n G N, n > 1 define the functions v^"^' 
and ti*'(") by 

t = -rrrdq and t = ^ , ^ dq. 
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By Lemma l2. 11 ^ is strictly positive on (1, oo) and it satisfies J" -^pr = oo, 



,(") 



hence v^ is well defined. Similarly, it is easy to see (and checked in [3]) 
that ^* is strictly positive on (0, oo) and f^ ^,1-, = oo, so 



*,{n) . 



Vf"- ' is also well 
defined. Moreover, by (jl.3p and (jl.6p for each t > we have that vi" /^ vt 



and V 



*,(n) 



vl as n 



oo. The functions v^"^' and i)*'(") satisfy equations 



,{«) 



n- \ ^(yf^)ds and v*/'''^ = n - [ ^*{v*/'''^)d 



Hence dlogt;;") = -^(t;i"V^i"^ ^^ and dlogT;;'^") = -^*{v*/''^)/v*/''Ut. 
This implies that 



log- 



(n) 



+ 



vl/(t;^)) M/*(«:'("V 



(n) 



*,(n) 



ds = 0. 



Observe also that if t is sufficiently small then v^ >2. Hence there exists a 

^2 > such that for all sufficiently large n we have iT^ite[o,t*] Vf > ^- -^^^ 
such n and t one can rewrite the last identity as 



log 4 



(n) 



*,(n) 



+ 



,{«) 



^(z;ro *(^:'' 



*,(n)^ 



,{«) 



*,(n) 



ds 



*^*K'("))-^(^:'^"^) 



*,(n) 



ds. 



(5.4) 

By (j2.3p the absolute value of the integral on the right hand side of this 
equation is bounded by |. Moreover, by Lemma 12.11 (iv) the function 
q I—)- ^{q)/q is strictly increasing, so we can apply Lemma 12.41 obtaining 



\og{vi' /v* ) < t. Letting n — )■ oo we get log ^ 
proof. 

Under Assumption ([X|) it is possible to obtain exact asymptotics of ^ 
and V, as given by the following lemma. 



< t, thus finishing the 
D 



Lemma 5.1. Assume (jA]). Then 
(i) 



lim 

g-i-oo q 



^{q) 



lim 



(ii) 



q^oo gl+/3 j3{j3 + 1) '■ 

1 + /3 



lim tVt = lim tivtY — ,^, 
Moreover, there exist Ci , C2 > such that for all t > 

Cit^Ti <Vt<C2 (t~7i V 1) . 
(in) For h defined by (j2.ip we have 



moreover 



lim q^~^h'iq) 
5— s>oo 



^r(i - /?) 

1 + /3 ^ 



supg ^/i (g) < 00. 



(5.5) 
(5.6) 

(5.7) 

(5.8) 
(5.9) 
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Proof, (i) From Assumption (jA]) it follows that there exists < a < 2 such 
that A has a density ^f on [0, a] and 

- < inf g{y)y^ < sup g{y)yf^ < 2A. (5.10) 

Z 0<y<a 0<y<a 

Due to ()2.3p - ()2.5p it suffices to prove ()5.5p with ^*. It is immediate to check 
that ^a{q) = Q^ Jq Jq Jq e~'^^ydudrAa{dy) (note that this is an analogue of 
dOJ). Hence 

'1 fr fa 



lim ^^ = lim q^-f^ [ f /"" 6-'^^'' g{y)dydudr 

q^oo q^+l^ q^oo Jq Jq Jq 

1-1 f-r f-auq 

lim / / / u^~^e~yy~^g(—){—fdydudr 
i-^°°Jo Jo Jo Qu Qu 



1-^'^Jo Jo Jo 

/3(l + /3) ' 

where the second equality is obtained via the substitution y' = uqy (then 
y' is renamed y) while the third follows by (|X|) . (|5.1Up and the dominated 
convergence theorem. 

(ii) Due to p.7p and the fact that v diverges to 00 at 0, we have 



^00 -1 



limtv^ = lim x^ j .t,/ \ '^Qj 



and by the I'Hospital rule and (|5.5p we obtain that liint-).otv^ = ^p/|_g\ . 
The same is true for v*. Finally note that (|5.7p follows from (|5.6p . the 
(decreasing) monotonicity of v, and the fact that vt > 1 for all t. 
(iii) Let a be as in the proof of part (i). By ()5.ip we have that 



where 



Then 



and 



h = ha + ha, (5.11) 



ha{q) = r r (1 - (1 - rf-') dr^, (5.12) 

Jo Jo y 

ha{q) = f r (1 - (1 - ry~') dr^. (5.13) 

Ja Jo y 



h'aiq) = r r (-ln(l - r)) (1 - r^-'dr^dy (5.14) 

Jo Jo y 

Kil) = f r (- ln(l - r)) (1 - ry-^dr^. (5.15) 

Ja Jo y 



In the above expression for h'^ we substitute r' = — ln(l — r) and use the 
obvious estimates to get 

1 f°° 1 

h'M)<- re-'^dr = ^^. (5.16) 
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For /i^ we first use the substitution r' = - and then y' = y{q — l)r' to obtain 

„l-/3 /■! /■a(g-l)r ( -ln(l ^)| 

{q-iy P Jo Jo ^ q-l 

X r^ — „ ^ — - — dydr. (5-17) 

Hence again (jX|), (j5.10p and the dominated convergence theorem yield 

hm q'~^h'M = ^^J^- (5-18) 

q^oo 1 + p 

Here we use the facts that (1 — -^y)''"^ < e'^, — ln(l — z)/z — > 1 as z — ^ 0, 
and also that sup2<Q^<]^ ^ ~ iii(l ~ ^)/^ is a finite quantity. Now (IS.lip . 
(I5J6]) and (|538|) jointly imply JK^ . 

The expression (j5.17p and the bounds just used in deriving (|5.8p also 
imply that the function q i— )• q^~^h'^{q) is bounded on [2, oo) and, due to the 
global continuity of /i^, we conclude that the same function is bounded on 
[l,oo). Together with ([ET6]) and (f5lT|) . this proves (fOjl . 

6 Complement to Section [3] 

Proof of Lemma 13.51 Recall the notation introduced at the beginning 
of Section [3l Let us first notice that /(I, •, •) = 0. For A; G N, A; > it is 
easy to derive (see also [3], Lemma 17 (iii)) 

/ f^ik,y,yi)dx = £;[Binomial(A;, y) - l{Binomial(fc,?/)>o}]^ 



Hence 



k{k - l)y2 -k{k-l) f / (1 - uf-'^dudr. (6.1) 



e('( f/W^lMV^i,,, 

Jo J[o,i]x[o,i]N V '^s J y^ 



<E f C ^^"^^r ^K {dy)ds < Ct, (6.2) 
Jo Jo vi 



where the last inequality follows from the second moment estimates in 
Lemma 12.21 (v), and the continuity of v. 

Due to the standard properties of integrals with respect to the compen- 
sated Poisson random measure (see e.g. Theorem 8.23 in [H]), (j6.2p now 
implies that M given by (jS.Sp is well defined square integrable martingale 
with quadratic variation ()3.9p . Moreover, 



m{t) = f 

J\o. 



'[o,t]x[o,i]x[o,if \ ""s J y' 
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Hence ()3.10p for p = 2 is a consequence of ()6.2p and the Doob inequality. 
The assertion for < p < 2 then follows due to Jensen's inequality. 
Proof of Lemma \3.6l Due to Lemma 12.11 we know that for any s > 0, 

-^ I jy "' ^^ J has the same sign as -^ — 1, hence by Lemmas I3.1H3.5I 

(after subtracting 1 on both sides of ()3.7p ) and Lemma 12.41 we obtain 





N. 






Nr 












sup 




-i 


< 




-i 


+ 


Mr 


+ sup 


M, 


r<s<t 


Vs 






Vr 








r<s<t 





Now Lemma 13.51 (iii) implies 

p 



E sup 

r<s<t 






<3P E 



Nr 




P 


1 




-1 


+ E Mr\ 


Vr 






1 



P V 

+ C{p)t^ 



(6.3) 



Letting r — ;• 0, and using ()2.9p and once again ()3.10p . we obtain ()3.1ip . 



7 Proof of Theorem 14.2 



We start this section by giving the scheme (or skeleton) of the proof, in- 
cluding an informal (heuristic) discussion on why Theorem 14.21 should hold. 
Our argument is divided into several lemmas, which are proved separately 
in the forthcoming subsections. 

The first few steps were carried out in Sections [2] and [3] under the only 
assumption that the coalescent comes down from infinity. Here, as was 
already done in the final part of Section [5l we specialize further to the case 
when A satisfies Assumption (|X|) . Recall that (jX]) implies CDL Throughout 
this section we assume (jA]) without much further mention. 

The following result is a consequence of Lemmas 13.31 13.51 and 13.61 where 
Assumption (jA|) makes passing to the limit r \ possible in the identity 

(133]). 



Proposition 7.1. We have 



Nt 

— -1 
vt 



N, f^{Ns) ^{vs) 



N. 



ds - Mt, t> 0, 



(7.1) 



almost surely, where M is defined by ([3 

Remark 7.2. In the general case (without assuming (jX|) ) one can similarly 
obtain a weaker identity (holding only in L^), where the L^ limit 



r^O,L V. \ N. V. 



exists and replaces the integral from to t in (j7.ip . At the moment we do 

is almost surely Lebesgue inte- 



not know whether s i— )• 
grable on [0, t] in general. D 
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If X = (Xi, X2, . . .), where Xj, i = 1,2,... are i.i.d. random variables 
uniformly distributed on [0, 1], then due to the form of / (see (|3.3p ) and the 
law of large numbers it is clear that, for each fixed y, 

hm = y a.s. 

fc^-oo k 

Accounting for (|2.8p and limt^QVt = 00, one would expect that for small t 
M should be close to a martingale M = {M{t))t>o defined by 



M{t) = / yTT{dsdy) (7.2) 

where n is the compensated Poisson random measure n (see (jci.ip ). i.e. 

n{dsdy) = Tr{dsdy) — ds k — . (7-3) 

y 

Note that M is a Levy process with the Levy measure i . 

The above heuristic indeed turns out to be true. More precisely, we have 
the following estimate of the difference of M and M: 

Lemma 7.3. There exist to > and < C < 00 such that for allO < t < t^ 
Esup(Ms-Ms) <C{t^Vt^). (7.4) 

s<t ^ ' 

Concerning the integral on the right hand side of (|7.ip we have 
Lemma 7.4. There exist to > and < C < 00 such that for allO < t <to 



u<t Jo Vs V ^; 

where h is defined by ()2.ip . 

Let us denote by X the process 



ds — I — - — 1 Vsh'{vs)ds 
Jo K^s ) 



<Ct, 

(7.5) 



X(t) = — -l,t>0,X(0)=0. (7.6) 



Then 

Xe = (e^^+^X{et), t> 



is the same as the process X^ defined in ()4.2p . 

Digression - heuristics. At this point it is possible to explain why the 
limit process of Theorem 14.21 is of the form as in ()4.3p (the longer rigorous 
argument is given below). From ()5.6p and ()5.8p it is not difficult to see 
that for s close to zero we have Vsh'{vs) ~ -• Proposition 17.11 and Lemmas 
l7.3H7.4l then jointly give 



X(t)«- / X(s)-ds-Mt. 
Jo s 
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Making a change of variables in the drift part we would then have 



X,{t) « - / Xe{s)s-^ds - MS), 
Jo 



where 

MS) = e~^M{et). (7.7) 

By investigating the Laplace transform of M^ it is not difficult to see that 
it converges in the sense of finite dimensional distributions to KL, where L is 
the Levy process described in Remark 14. 31 (b) (this can be verified similarly 
to Lemma 17.71 below). Then it is natural to suspect that, if the limit Z of 
Xi; exists, it should satisfy the equation given in ()4.5p . This is indeed the 
case for the process Z of Theorem 14. 2i 

There are a few delicate points in the above reasoning. We were unable 
to replace Vsh'{vs) directly by ^ and still get a sufficiently good estimate 
(analogous to that of Lemma 17. 4p on the difference of the corresponding 
integrals. Furthermore, the convergence of X^ has to be proved, and the 
passage to the limit under the integral justified. 

Our rigorous argument is continued in the following way. Define 

Y{t) = [ ^dM(s), t > 0, (7.8) 

where as usual h is given by ()2.ip , and M by ()7.2p . We will need the following 
lemma. 

Lemma 7.5. The process Y is the unique solution of the equation 

dY{t) = -Y{t)vth\vt)dt + dM{t), y(0) = 0. (7.9) 

Next, we prove that the process — y is close to X. 

Lemma 7.6. There exist to > and C > such that 

Esviv\X{u)+Y{u)\ < cityt^^ , Vt< to- (7.10) 

u<t ^ ^ 

Let Yf, denote the following scaled process 

y^(t) = e-wy(et), t > 0. (7.11) 

Since 1 > j^ and ^ > j^ for < /3 < 1, then Lemma 17.61 implies 
that £'sup4<j. \Xs{t) + Yi;{t)\ — )• 0, for each fixed T > 0. In order to prove 
Theorem 14. 2 1 it therefore suffices to show that, as e — )• 0, 1^ converges in law 
to —Z (Z is as defined in ()4.3p ) with respect to the Skorokhod topology on 
Ll([0,oo)), ase^O. 

Here we proceed in the standard way: we first derive the convergence of 
finite dimensional distributions via the Laplace transform, and then prove 
tightness by means of Aldous' tightness criterion. Let Z be given in (|4.3p . 

Lemma 7.7. As e — t- 0, 1^ converges to —Z in the sense of finite dimen- 
sional distributions. 

Lemma 7.8. We have that Y^ =^ —Z as e — )• 0. 

This final lemma, joint with the discussion following the statement of Lemma 
T6l concludes the proof of Theorem 14.21 
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7.1 Proof of Proposition 17.11 

Let us subtract 1 on both sides of ()3.7p and send r — )• 0. Lemma 13.5 
(more precisely, (j3.8|) and (j3.10p ) implies that the integral with respect to 



Nr 



1 



TT converges in L to Mt , while Lemma 12.21 part (v) implies that 
converges to in L^. Therefore, the remaining term on the right hand side 
of ()3.7p must also converge in L^. Moreover, it is not hard to see that the 
integral 



Vs \ Ns Vs 



ds 



N, 



(hiN,) - h{vs)) ds 



is well defined a.s. as a Lebesgue integral. Indeed, the derivative of h is non- 
negative due to Lemma l2. II part (iv). We will repeatedly use Assumption 
([X|) in the rest of the argument. Observe that (|5.1ip - (|5.15p imply that h' is 
decreasing. Hence, if Ns < Vg then 



^\h{Ns)-h{vs)\ <Nsh'{Ns) 

Vs 

<c(-vi) 



^ - 1 
Vs 

Ns 

Vs 



where the last inequality follows from ()5.9p , the fact that Ns < Vs and ([5 
If Ns> Vs, then, again by (fSTT]) and ([5^ 



^\h{Ns)-h{Vs)\<Nsh'{Vs 



^-1 

Vs 



<c(lvi)^ 

S Vs 



Ns 
-^ -1 

Vs 



The Cauchy-Schwarz inequality. Lemma 

^{Ns) ^{Vs) 



and (|2.1Up now imply that 



E 



'N^ 

Vs 



Ns 



ds 



< CE 



VI 



1 + 



Ns 



El 

Vs 



ds 



< Ci 



/ I - V 1 j y/sds < oo. 



Letting r — )■ in (j3.7p we obtain (|7.ip a.s. for any fixed t > 0. The processes 
on both sides of the equation (|7.ip are right continuous, hence they are 
indistinguishable. 

7.2 Proof of Lemma 17.31 

Recalhng the forms of M and M (see (j7.2p and (j3.8p ) as well as (|3.ip . ob- 
serve that M — M is a square integrable martingale with quadratic variation 
process 



[M - M]{t) 



Thus we have 



[0,t]x[0,l]x[0,l]N 



/(iVs-,y,x) 



y ) TT (dsdydiK). 



E[M - M]{t) < 2Eh{t) + 2El2{t), 
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where 


















hit) 


J[0,t]> 


;[o,i]> 


<[0,1]N 


//(iV,_,y,x)- 


-Ns^y^ 


] ds 


Aidy) 

y2 


and 




















hit) 


-1 

J[0,t]: 


x[0,l] 




-Ij dsAidy) 


Jo \ 




-1 c 


By] 


Doob's 


inequality, 


it therefore suffices to show 







dx (7.12) 



(7.13) 



EIiit)<c(t^\/t^Y i = 1,2. (7.14) 

Estimate (|7.14p for I2 is immediate by Lemma 13.61 Arguing (|7.14p for Ji is 
a bit more involved. Let us denote 

Jik)= f [ (/(A;,y,x)-fcy)2dx^ A:GN, (7.15) 

Jo Jio,if y 

so that 

J[0,i] Vs 

By (|3.3p . (j6.ip and the following easy to check identity 

/(fc, y, x)(ix = ky - k I (1 - r) dr, 

we have 

^1 /-^ ■ - A(rfy) 



J(fc) <2k^ I I il - r)''-^ ■ y dr- 
Jo Jo 



y2 



Taking a which satisfies (|5.10p . and applying 1 — r < e '^' we write 

Jik) < 2e {Jaik) + Jaik)) , (7.16) 

where 



Jo y Ja Jo y 

By (jS.lOp and the natural substitutions (r' = r/y, followed by y' = kr'y, 
and afterwards r', y' renamed to r, y, respectively) we have 

Jaik) < Ck^+f^ / / e-^y^^r/^^^dydr < Cik^+^. 
Jo Jo 

The term Ja can be easily bounded as follows 

Jaik) < -. 

a 
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Recalling (|7.16p . we therefore have J{k) < Ck^~^^ for some C < oo. Together 
with ITTJUh . fTT^ . (ITTUIl and (IS2D, this now imphes that (for to < 1/2 we 
use 1 V 1/s = 1/s, Vs < to) 



EIi(t) =E I J{Ns^)—ds <CE I (—\ 

Jo Vs Jo \Vs J 



1+/3 



uf "^ ds 



<Ci 



Vs 



5I//3 



/3-1 



ds = C2t^/^, 



which proves ()7.14p for i = 1, and completes the argument. 
7.3 Proof of Lemma 17.41 



Let h be defined by (|2.ip and let ha and ha be as in (|5.12p ~ (j5.13p . with 
< a < I satisfying (jS.lOp . Using the easy estimate haio) < a~^ together 
with (|2.1Up we have 



E 



El 

Vs 



ha{Ns) - haiVs) 



ds < Ct. 



Moreover, by (j5.16p . Lemma 13.61 and (j5.7p we obtain 



E 



-^ -1 



Vsh'a{vs)ds < Ct^^K 



Hence to prove the Lemma it suffices to show (j7.5p with h replaced by ha- 
Using the Taylor expansion formula we write 



iV. 



(haiNs) - haiVs)) = his) + his), 



(7.17) 



where 



his) 



N, N, - V, 



v., f o 



iV. 



Vsh'aiVs), his) = -^ 



Ns 



Vs JV, 



h'aiw)dwdz. 



We shall prove that h is the main term, uniformly close to iN. — v.)h'aiv.), 
and that h is a negligible error term. First note that by Lemma [ 
(recall that h'a < h') and ()5.7p one can easily see that 



E 



iV, 



1 iNs-Vs)KiVs) 



< CE 



N, 



1 vl = Oil), 



and therefore 

E I \his) - iNs - Vs)h'aivs)\ ds < ct. 
Jo 

Our approach for h is to show a similar bound 



\his)\<C 



N, - V, 



(7.18) 
(7.19) 

(7.20) 



and then again use (j7.18p to bound L |/2('S)| ds. First note that from differ- 
entiating in ()5.14p it follows that h" is negative and increasing (its absolute 
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value is decreasing). Moreover, since a < ^, and since | log(l — r)\ < 2r and 
(1 — r)'^~^ < 2e~^'^ for r < 1/2, one can easily derive from (|5.1U|) that 

\K{q)\ < C j'^ j\\-'-'^y-''-^drdy = O (Z'^) . (7.21) 



Thus, if \vs < Ns < 2t;^ then 



KH\ < 



K ( ^Vs 



o (vr) 



and \l2{s)\ = ^{Ns - VsfO{v^ ^). Since Njvs < 2, we conclude that 
(|7.20p holds in this case. 

If Vs > 2Ns then note that f^' ^ w^'^ dw dz = 

* * JVs JVs 

rVa fVs 1 l-Vs 

/ / w^-^dwdz<^— / z'^-Uz 
Jns Jz 1 — p Jns 

Hence, by ()7.2ip and the definition of I2 

\h{s)\ < CC-^)N^. 

'Vs 

We also have ivf < uf and 1 < 2^^^^, so (i7:20]l follows. 
If 2v, < N, then, 



Ns r^^ r «_o . . . ^N, 



w^-'^dwdz <C—{Ns - vs)v^~^ 



Together with (|7.2ip and the definition of /2(s) this again implies ()7.20p . 
since for 2vs < Ns we have 1 < ^ - 1 < ( ^ - 1 | . 

* * Va K'"" J 

This gives ()7.20p . and due to the final estimate in ()7.18p we get E j^ \l2{s)\ ds < 
Ct, which combined with ()7.19p yields ()7. 5 p for ha- As already argued, this 
completes the proof of the lemma. 

7.4 Proof of Lemma 17.51 

Let us first observe that the function u 1— )■ h{vu) defined in (j2.ip is positive 
on (0, 00) and strictly decreasing, since h is positive and strictly increasing 
and V is strictly decreasing (see Lemmas 12.11 and 12. 2p . Moreover, by ()5.5p 
and (|5.6p we have that 

limuh{vu) = ^, (7.22) 

u—>-0 p 

so, there exists io such that 

-u < -—— < 2/3u, 0<u<to. (7.23) 

2 h[Vu) 
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Hence the process Y from ()7.8p is well defined. Moreover, 

'o io \Hvu)J y 



E{Y{t)Y = {h{vt)Y I / (^7^) ^^<t, (7.24) 



since h[vt) < /i('yu) for u < t. 

The function u i— )• /i(fM) is clearly continuous and of finite variation on 
any interval [r,t], < r < t. A simple integration by parts in ()7.8p (written 
formally as fg = J f'g + J fg' with /(•) = h{v.) and g{-) = J^ j^dM^), 
together with the fact that 



v' 



h{vs) 
(cf. ([21^ and ^M)) shows that for < r < t 

Yt = Yr- I YsVsh'{vs)ds + Mj - M^. (7.25) 

Jr 

We now let r — ;■ and observe that Mr — >• a.s. and in L^, since E[M]{r) = 
jr ji y2MAjl ^ ^^ g^^^ i; -^ in L^ by ^2M- To deal with the remaining 
term in (|7.25|) we note that by (|5.9|) and (|5.7|) we have 

< Vsh'ivs) < C {s^^ V 1) . 

Hence, by ()7.24p and Jensen's inequality 

E f \YsVsh'ivs)\ds< I Vs(-Vl) ds <C{y/^y r^''^), 

converges to as r — )• 0. After sending r — )• in (j7.25p one concludes that 
Y given by (|7.8p satisfies the equation ()7.9p . 

Showing uniqueness is easier. Indeed, if Yi and Y2 are two solutions of 
(17:9]) then 

Yi{t) - Y2{t) = - [ {Yi{s) - Y2{s))vsh'{vs)ds. 
Jo 

Since Vsh'{vs) is positive (see Lemma [2.1l (iv)). an application of Lemma l2.4l 
implies Yi — I2 = 0. 

7.5 Proof of Lemma 17.61 

Recall (|7.6p and the corresponding rescaled process Xf, from (|4.2p . Due to 
Proposition 17.11 and Lemmas 17.31 17.41 and 17.51 we obtain 

X{t) + Y{t) = - I {X{s) + Y{s))vsh'{vs)ds + R{t), 
Jo 

where i2 is a process such that for < t < to 

Ssup|i2(s)| < cftVt^ 

s<t ^ 

Since Vsh'{vs) is positive, another application of Lemma [23] completes the 
proof. 
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7.6 Proof of Lemma 17.71 

The argument relies on convergence of the Laplace transform for positive 
arguments. Fix n E N and Zj > 0, tj > 0, j = 1, 2, . . . ?z and denote 

n 

F{u) = Y,^j^MoM(''y (7-26) 



'tj 



We will show that 



lim E exp < — N^ ZjYs{tj 

[ 3=1 

f fOQ 1 POO ^ 

= exp|Ay^ (e-y-l + y)-^dyj^ {Fiu))'+^ duj. (7.27) 

Due to Propositions 3.4.1 and 1.2.12 and (3.4.4) in [21], the right hand 
side is precisely £^exp< — X]?=i •Zj(— -^(ij)) \, where Z is defined in ()4.3p . 
On the other hand, it is well known, that since — Z is a (1 + /3)-stable 
process totally skewed to the right, the convergence of Laplace transforms 
for all positive Zj implies the convergence in law of (y^(ii), . . . ,l^(tn)) to 
(— Z(ti), . . . , —Z{tn)) (see e.g. [H], proofs of Theorems 5.4 and 5.6). Thus 
the lemma will be proved once we show (|7.27|) . 
By (USD and (fTTTI) we have 






yTT{dudy) 



--e i+zs / / Fe{-)y7r{dudy), 
Jo Jo ^ 

where 

^^(^^ = t.^^J^hoM(^)- (7.28) 

Thus, by the usual properties of a Poisson random measure we have 

Eexpl-Y, ZjYeitj) [ = e^(^), (7.29) 

. i=i J 

where 



m-fl{e-'-^^^'i^'-i^e-rh,,ifj,^ 



y2 



du. (7.30) 



As before, let < a < ^ be such that (|5.1U|) holds and write 

I{e)=Ia{e) + Ia{e), (7.31) 

where 

/"CXD pa /"CO p1 

Ia{e) = / ... and /,(e) = / / . . . , (7.32) 
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and the . . . above denote the expression under the integral in ()7.30p . Let us 
initiahy consider the term la- We have 

Jo Ja ^e^ y 

fOO 



1 1 i_ r^ 

< -e i+fl / FJu)du. 
a Jo 



Recall (|7.28p and note that since h{vet) < h[veu) for n < t, as explained in 
the proof of Lemma 17.51 then sup^^Q L Fi,{u)du < oo. It follows that 

lim/a(e) = 0. (7.33) 

e-^O 

In the analysis of /a(e) we make a change of variables y = ze^'^^'^^' and 
r = ^ (then rename z to be y and r to be u) and use Assumption (jX|) to get 



Ia{e) = J J (^e-^^(")^ - 1 + F,{u)yj ^T^ '— dydu. 

(7.34) 
By (|5.5|) . (j5.6|) and the divergence of v. near we have 

h{Vet) U 

lim = — , 

e^O h[Veu) t 

SO from ()7.28|) we see that Fg, converges pointwise to F defined in ()7.26p . 
Moreover, note that 



< e-i^.W?/ _ 1 + F,iu)y < F^{u)y' < | J] ^,l[o,i,](n) 1 y' 

Hence, by (|7.34p . ([Ajl . (jS.lOp and the dominated convergence theorem it 
follows that 






dydu 



--AJ {F{u)f-^^duj {e~y-l + y)^^dy, (7.35) 

where we apply the substitution z = F{u)y and then rename z as y. Now 
(1729])-(I73Z1), (17^ and (I7:35|) together imply that (17:271) holds and the 
proof is complete. D 

Proof of Lemma \7.8[ First observe that by ()7.22p and ()7.23p the function 
/e defined by /(O) = 4 and (t) = eth{vet) for t > is continuous for any 
e > 0. Furthermore, as e — >• 0, the family {fe)e>o converge uniformly on 
bounded intervals to a constant function g. Hence, to prove the lemma it 

suffices to show that the processes 1^ defined by 

Ye{t)=t~^r^e~^~^ [ T7-^dMu (7.36) 



JO h{vu) 
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converges in law in D([0,oo)) to — Z, as e — )• 0. 

We will split the proof into several steps. In the first step, with the help of 
Aldous' tightness criterion, we show that the family of processes (ty^(t))(>o 
converges in law in D{[0,oo)) to {—tZ{t))t>o- Prom this we need to infer 
the convergence Y^ =^ —Z. However, the latter step is not immediate, since 
the function t i— )• j cannot be extended to a continuous function on [0,cxd). 
We will overcome this problem by taking suitable approximations. 

Step 1. We prove that the family of processes {Ue)e>o defined by 

Ue{t)=tY,{t), t>0, e>0, (7.37) 

converges to {—tZ{t))t>o in law in D{[0,oo)). It is clearly enough to show 
this convergence when restricted to an arbitrary but fixed sequence e„, \ 0. 
The convergence of finite dimensional distributions follows from (|7.22p 
and Lemma 17.71 To prove tightness of the family {Us)e>o we will apply the 
well-known Aldous criterion (see e.g. [8] Theorem 16.10). More precisely, 
we will prove: 
(i) For any M > 

lim limsupP( sup \Ue„{t)\ > r) = 0, (7.38) 

r-l>oo n^oo te[0,M] 

(ii) For any p,rj,Ad > there exist So,nQ such that ii d < Sq, n > hq and 
r is a stopping time with respect to the filtration generated by Ue„ , taking 
finite number of values, and such that P(r < M) = 1, then 

Fi\Ue„iT + 6)-UeAr)\>p)<V- (7.39) 

To prove (i) and (ii) above, we will need an estimate on the moments of 
increments of C/g. We write 

Us = ^ (up + up) , (7.40) 



where 



UP{r)=e ^+^ / , -—-yrridudy), 

J[0,er]x[0,eT+P] "-I^mJ 

fn\ _2M f 1 

UPir) =e 1+/5 / ^ .^.^y^dudy). 

J[0,er]x{eT+?,l] "l^^uj 

Note that Ue (resp. Ue ) is the process which captures the "small" (resp. "large" 
jumps of U^. 

Using standard properties of integrals with respect to a compensated 
Poisson random measure (see e.g. [18], Theorem 8.23) we have 



E 



up it) -up is) 



p(2+,3) /-rf fl yP A(dy) , 

Jes Je^h {h{Vu))P y" 
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Let < s < i < r and 1 < p < 1 + f3 and suppose that e < a^^^ A ^, where 
a is as m (f^TH and to as m J^JTm . By (fCTID and im^ we obtam 



£; 



up it) -up is) 



p(2+;3) 



et 



<Ci{p)TPit-s), 



p-i-0 






p(2+/3) 



P-'^-^dy + / yP-2A((iy) ) du 



(7.41) 



since e^^^ << eP+^e i+is = e i+;3 cancels the power of e in front of the 
integral, and since /^ y^~'^A{dy) is a constant quantity. 
Via similar arguments applied to U^^' we get 



E 



UP{t)-UP{s) 



2(2+13) 

l+;9 



et 



ss Jo 



■T+? 



(/^K))^ 



;A{dy)du, 



1-/3 _ 2(2+/3) 



and, since 3 + jjji = i,a , again (|5.10p and ()7.23p yield 



E 



up it)- up (s) 



2(2+13) 

<Ce ^+^ 



et re^ ^2 



es Jo 



—odydu 

yP 



<C2T^t-s). 



(7.42) 



Now ()7.40|) - ()7.42p and Jensen's inequality imply that for < s < t < T and 
1 <p <1 + P, e < a^+^ A ^ we have 



E \Ueit) - f/e(s)r < C{p)TP [\t -s\2y\t-s\] . (7.43) 

Applying the Doob maximal inequality for martingale U^ we conclude 



P( sup \U,{t)\>r)< (^ 
te[o,Af] VP - J^ 



E\Ue(M)f 



fp 



Hence iTTm imphes (I7:B5|) . 

Estimate ()7.43p and the Markov property (since r takes only finitely 
many values, we do not need the strong Markov property) of Ue imply that 
if r is a stopping time with respect to the filtration of U^ taking finite number 
of values and such that t < M, then 

E\U,{t + 6)- Usirr =EE {\U,{t + 6)- [/.(r)^ \^p) 

<CiM + 5)P{5y62), 

whenever 1 < p < 1+/3 and e < a^~^^ A ^A^ . This and the Markov inequality 
show that condition (ii) (or equivalently, ()7.39p ) is also satisfied. 

As already indicated, using Aldous' criterion we obtain the tightness of 
the family {Us„)n>i, which together with the already proved convergence 
of finite dimensional distributions implies that (C4„)n converges in law to 
(— tZ(i), t > 0) with respect to the Skorokhod topology on D{[0,oo)). 
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Step 2. For 6 > define 

Z('\t) = Ql[o,6](i) + ^l(fe,oo)(t)) Ueit). (7.44) 

Recall that if / : M+ i— t- R is continuous then the mapping w i— t- fw is 
continuous from D([0, oo)) into itself. Hence the result of Step 1 implies 
that for any 6 > 0, as e — )• 0, the family of processes (Ze )e>o converges in 
law to the process Z^ ' defined by 

zW(t) = ^l[o,,] (t)Z(t) + l(b,^)(t)Z(t), t > 0, 

with respect to the Skorokhod topology on L'([0, oo)). 

Step 3. We will next estimate the supremum norms of the difference of Y^ 
and Zs , and the difference of Z and Z^ ' , respectively. Fix any 1 < p < 1+/3 
and suppose that b < to Al and e < a^~^^ , where to is as in (|7.23p and a as 
in dSmD. Denote ||/|L = sup.gK^ |/(t)|. 

Using dZSSD-dlSZD and ^TMh we have that Ye{t) - Z^^\t) = Ueit){\ - 
i)l{ie[o,i]}- Therefore, 



t - zi"^ 



< sup 

oo 0<t<6 



Ye{t) < sup \Y,{t)\ , 
0<t<b 



where (|7.23|) was used in the final estimate. Lemmae 17.51 and 12.41 implv 

sup \Ys{t)\ <e"W sup |M(ei)|. 

0<t<fe 0<t<6 

Hence, decomposing M similarly as it was done for U^ in Step 1 and applying 
Doob's inequality for M, we obtain 



E 
where 



Ye - Zf) ^ < Clip) (e e"^M(i)(e6) 



+ E 



^M(2)(e6) 



(7.45) 



M^^\eb) 
M^'^\eb) 



eb /• 

/ 1 yTf{dudy), 

J[0,efe]x[0,eT+P] 

1 y7r{dudy). 

[0,eb]x(eT+P,l] 



By mimicking the arguments of Step 1 we obtain 



E 



e-^M^'J 



2 2 



-1-/3 



eb f-eT^^ 



JO 



y '^dydu = Ci{p)b, 



and, relying on e << ee ^+p = ei+^ , we also obtain 

<C2{p)e^^ ^ ' (^^^ y^~^~^dy + ^ yP~^A{dy)^ du 
<C3ip)b. 



E 



e-^M^^l^ 
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Together with ()7.45p and Jensen's inequahty, for < p < 1 + (3, b < Iq Al 
and e < a^^^ , this iniphes 



E 



K - z(^) 



<C{p)b-2, 



(7.46) 



where C{p) is some finite constant, uniform in e. 
For the processes Z^^' and Z we again have 



E 



Z - z(^) 



<sup|Z(t)|. 

t<b 



Since Z is a solution of ()4.5p . we can again apply Lemma 12.41 and Doob's 
inequality to L, a (1 + /3)-stable Levy process, to derive 



E 



Z-Z'^'^ 



<Ciip)E\Lib)f<C2ip)b^.. 



(7.47) 



for some C2{p) < oo. 

Step 4. Finally we prove the convergence 1^ =^ —Z as e — )• 0. Let (i[^ 
denote the Skorokhod metric on D{[0,oo)) as defined in [8], p. 168. It is 
clear that (fooif^d) < 11/ - ^lloo ^1^ any two f,g e L>([0,oo)). 

It suffices to show that, whenever F : Z?([0,oo)) i— )• D{[0,co)) is a given 
bounded and uniformly continuous function, we have 



lim 



EFiYe) - EF{Z) 



0. 



(7.48) 



By the conclusion of Step 2, for any 6 > we have E\F{z'i'^)-EF{Z^^'^)\ -f 
0. Hence (j7.48p follows by the triangle inequality, the uniform continuity 
of F, estimates (|7.46p and ()7.47p and the Markov inequality, and the above 
discussion. The argument based on addition and subtraction of intermediate 
terms is standard, and the details are left to the reader. 



8 On robustness with respect to the choice of speed 

8.1 Proof of Theorem 14.41 

Recall ^, ^* and v defined in (|1.5p . ()1.2p and ()1.7p . respectively. Further- 
more recall that v* is defined in terms of ^* as v is defined in terms of ^ . 
Due to ()2.3p , and in particular to the proof of Lemma F2. 2 1 (iii) , one can easily 
see that 



1 



sup -^- 

tG[0,T] £i+fi 



Since 



£l + f) 



N, 



et 



"et 



Vet 
Vet* 



e^+0 



1 



Net_ 
Vet 



0{e 



l_l/(/3+i)^ 



as e 



0. 



1 X — + 

Kt 



£l+,8 



!^ _ 1 

Kt 



one can conclude Theorem 14.41 (a) directly from Theorem 14.21 and ([2 



(8.1) 
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We now turn to the proof of part (b). Let us denote wt = Kit ^ for 
Ki from (j4.ip . Observe that an analogue of (|8.ip . with v* replaced by w, 
implies that it suffices to show 

limt~W ( -^-1 ) =0. (8.2) 



Also note that w is related to "^^^'{q) = i^/^.I^ q^^^ via relation 

-dq, 



1 

Wt 



^(/5)(g) 



the same way that v is related to ^ (see (|1.7|) ). Recall that from (j5.5p 
we already know limg_^oo ^(9)/^ (?) = 1- We will need a more precise 
comparison of ^ and "^^^K 

Let a < 2 be such that A has a density g on [0, a] satisfying ()5.10p and, 
moreover \y^g{y) — ^1 < Cy" on [0,a\. Such a exists by the assumptions. 

Observe that (similarly to derivation of ()5.5p ) 



^'^^\q)=Aq^ / / e-'^y'y-^dydudr. (8.3) 

JQ Jo Jo 

Therefore, by Lemma l2. II (ii) and (iii) we have 

^iq)=KiQ) + Oiq) = ^^^Hq) + Rliq)-R2iq)+0{q), q>l, (8.4) 
where 

/'I /"T" /*CL 

Ri{q) = q^J J J e-'iy^ (^g{y) - Ay-^) dydudr (8.5) 

and 

rl rr roo 

R^(q) = q^A / / y-^e-'^y'dydudr. (8.6) 

Jo Jo Ja 

Due to the assumptions, we have 

\Ri{q)\ < Cq^ [ r r y^-^e-'^y^'dydudr. (8.7) 

Jo Jo Jo 

If a < /3, then (this is simpler than the proof of Lemma lS.ip 

\Ri{q)\ < Cr(l + a- /3)g^+'^-" [ r u^^'^^^dudr = 0(g^+^-"). 

Jo Jo 

If a > /3, then by ()8.7p we have 

\Ri{q)\ <Cq^a''~'^ [ r e-'iy^'dydu 
Jo Jo 

<Ca''-^ Iq^ f' adu + q f ^—^^du] 

laq + q I -du\ = O {q{log q + 1)) . 



<Ca 
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For i?2 we have 



/■oo rl /"OO 

R2{q) < Aq^ / y"^ / e-'^y^'dudy < Aq y'^'^dy = 0{q). (8i 

^a ^0 Ja 



Hence from (j8.4p it follows that 

^(g) = ^(/5)(g) + 0(gl+/5-") + 0(<7(log q + l)). 



(8.9) 



To prove ()8.2p we adapt the technique of Lemma l2.2l (iii). In particular, let 
us consider -y'"' and w^^> defined by 



1 



dq and t 



and the following analogue of (j5.4|) : 



,(") ^(/3)(g) 



dg, 



log 



W- 



(n) 



,(".) 



+ 



*{/3)(^W) xI/(/3)(^W^ 



(n) 



in) 



ds- 



t,I,(^W)_,I,(/3)(^W) 



,w 



ds 



.10) 



(note that if n > 2 and t is sufficiently small then Ws > 1 for s < t). Also 
observe that f^ /^ Vs, Wg /^ Wg as n ^ oo. Lemma 12.41 implies that for 
sufficiently small t < Iq (with to uniform in n > 2) we have 



log 



» 



W- 



(n) 



,(") 



< 



vI;(„W)_^{/3)(^("); 



,(n) 



ds . 



Using ()8.9p and Vs < Vs < Cs ^ for small s (see (|5.7p ) we obtain 



log 



w 



(n) 



(n) 



< c 



)'^~"ds+ / \og{vs)d^ = 0(tt) + 0(t log ^). 



Letting n — )• oo, we see that the same estimate holds also for 



log^ 

O 7/7+ 



. In particular, limt-s.o+ log rr = Oi ^^^^ so 



Wt 



log^ 
log^ 

=> lit 



(8.11) 

Wt 



for 



small t. We conclude that ()8.2p holds since ^ > jrrg, completing the proof. 

8.2 Limitations of robustness 

In this section we provide an instructive counterexample, announced in both 
the Introduction and Remark 14.51 A careful reader will note that the just 
made arguments proving Theorem l4.4l are close to optimal, in that the power 
a = Yj-g should be critical for (j8.2p . Without making any general statements 

to this end, let us fix a G (0, j^) and consider A such that 

K{dy) = g{y)dy, y G [0, 1], where g{y) := y^^{l + y"), y G (0, 1]. 

We keep the notation of the previous section, in particular v and w are as 
in lK2h. We will show that 



t 1+.8 



vt 



1 is unbounded as t — )• 0, 



^.12) 
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and that therefore the statement of Theorem 14.41 (b) cannot hold in this 
particular case. 

By (I83D-(IS!E1) (with a = i) we have 

^{q)-¥''\q)=Rl{q)+0{q), q>l. 

Now Ri can be written explicitly as 



1 rr 



Ri{q)=q^ / / e-'^y^'y^'-^dydudr. 

Jo Jo Jo 

Note that Ri is again of the form ()1.2p where A is given by Kp-a{dy) = 
y"-^l[o_i](y)dy. By ([831), (ESD and ([83]) with /? replaced by /3 - a we 
obtain 



^{q) - ^^^\q) = ^^^-""Xq) + 0{q) = Dq^^^"^ + 0{q), 



> 1. 



.13) 



where D is a positive constant, that can be written explicitly. 

Recall the expression for ^(^^ given just after (|8.2p . It is easy to check 
that one can let n — )• oo in (|8.1U|) . and obtain 

log — + C / (w;f - v^)ds = D I v^-'^ds + 0(t) (8.14) 

vt Jo Jo 

for all sufficiently small t, where C and D are positive constants (their exact 
value is not important for our purposes). As usual this is done via uniform 
(in small t and in n) control of the RHS in (|8.10p . see (|8.1ip for a similar 
argument. By ()5.7p it follows that 



v^-'^ds ~ Cift 



.15) 



Let us suppose that the function given in (|8.12p is bounded near 0. Since 



a < 



1+/3 



, this implies that 



vt 



o{tf^), as t-> 0, 



hence also 



log — 

Vt 



V 



^-1 

Wt 



o{t^), as t-^0. 



By an elementary application of Taylor's formula we have 



w: — vz 



Vs_ 
Ws 



wl^P 



w. 



t(;f as s — )■ 0, 



and since Ws = K^s ^, we conclude 



W^.s - V. 



ft 1 

ds < /3Kf / - 

Jo s 



Ws 



ds 



I3K^ / o(s"^+t)ds = o(tt). 
Jo 



(8.16) 
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This together with ()8.16p is in clear contradiction with ()8.15p and ()8.14p . We 
conclude that the opposite of (|8.2p must hold, or equivalently, that there 
must exist a positive constant c and a sequence of times (fn)n such that 
tn — ;• and 



1 



>c(tn)^ 

and joint with a G (0, jxa)) this easily implies (|8.1'2p . 
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